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Velocity profile formula based on wave-induced multi-source oscillatory energy propagation mode
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The flow field structure of the wave-current interaction is one of the essential issues for estuarine and coastal hydrodynamics, which is directly related to the nearshore pollutant transport, nutrient transport and biophysical processes. Based on the vertical two-dimensional Navier-Stokes equation, the theoretical study is carried out with the velocity decomposition method and the momentum flux caused by the wave motion is fully considered. The Airy wave theory is adopted to simplify the corresponding formula in the governing equation of velocity profile. According to the general theory of dielectric wave, the wave-induced multi-source oscillatory energy propagation mode is established, which explains in essence the influence of water particle oscillatory under wave-surface on the vertical turbulent structure. This mode is applied in the deduction of the momentum transfer coefficient considering the influence of the water particle oscillatory and the flow turbulence induced by the bed shear stress based on the Prandtl mixing theory. A new analytic formula of velocity profile under wave-current is derived, which is composed of Logarithmic function and Rayleigh distribution function. By comparison of the experimental results, the predicted values of the deduced formulas are in good agreement with the measured values, indicating that deduced formulas could response the effects of wave dynamics and momentum transfer coefficient on the velocity profile for waves following and opposing currents. Also, our formula is practical compared to other wave- current models. Furthermore, the formula could also be appropriate to characterize the flow velocity distribution in the rigid submerged vegetation zone under combined wave and current flows. The presence of the canopy can significantly reduce the mean flow velocity and result in a uniform profile in the height of the plant stems, and a distinctive shear layer exists near the canopy top in pure current and current with following wave. This study could help to implement increasingly accurate evaluation for the nearshore dynamic environment and provide theoretical basis for the forcing mechanism of wave-current interaction on aquatic ecosystems.
1 Introduction 

It is well known that the hydrodynamic behaviors in coastal regions can usually be controlled by wave and current simultaneously, and the interaction between these two processes plays a significant role in sediment transport, nutrient mixing and shelf circulation [1-3]. When waves propagate into shallow waters, they may interact with currents and exert great influence on current field throughout the entire water depth. The flow velocities in the wave-current field would be essential for determination of bed shear stress, sediment transport, wave height attenuation and offshore structure engineering. Furthermore, the vegetation in nearshore and tidal flat areas increases the resistance of the watercourse, leading to an increase in water depth and reduction of flow velocity, which would affect the hydrodynamics and mixing processes as well.
Previous theoretical and experimental studies have shown that the effect of the waves on the currents is to suppress the current gradients and strength the turbulence intensity in the wave boundary layer which gives rise to enhancement of both the steady and oscillatory components of the bed shear stress [4]. many experiments on wave-current environment [5-7] have turned out that when waves and currents coexist, the mean current profile deviates from the logarithm shape observed in pure current conditions, and the combination of waves with a following (opposing) current causes a relatively lower (higher) velocity near the water surface, and the changes close to the bed present varying features due to different bottom roughness. In the view of the existing theoretical models for combined wave-current profiles, two main methods are usually utilized: models based on a combination of time-constant eddy viscosity profiles and models based on higher-order turbulence closures. The latter need to be solved in numerical and iterative method according to different turbulence closure schemes which are appropriate to the bottom boundary layer in general [8-9]. The basic approach adopted in the former analytical methods is to apply the eddy viscosity concept to connect the shear stress with the velocity gradient and then solve the equation of motion to obtain a current velocity profile, which is more efficient for engineering application. The existing eddy viscosity profiles models mainly concentrate upon the variation of currents influenced by waves in the bottom boundary layer and assume that the wave-current turbulence has similar characteristics to that of a steady or unidirectional flow. Actually, the tidal flow behaves as an unsteady flow owing to the periodic feature and the significant nonlinearity [10-11].
In this study, the formula for the velocity profile under the influence of wave- current interaction are derived to explain the laboratory-observed phenomenon. The formulas are the Navier-Stokes equation based with the velocity decomposition method and the momentum flux. The Airy wave theory is adopted and the wave-induced multi-source oscillatory energy propagation mode is established according to the general theory of dielectric wave. By incorporating with the resistance model, the formula can be used to describe the velocity profiles in the combined wave and current flows and can also simulate the influence of the rigid vegetation on velocity profiles.
2 methods
2.1 Governing equation 
The two dimensional vertical Naive-Stokes equations of incompressible fluid and the continuity equation are adopted to obtain the vertical structure of the flow under waves and currents. The propagation of waves and currents could be considered and the molecular viscosity is neglected in the flow, simplifying the governing equations to the following expressions [12]:
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Where,
[image: image4.wmf]x

and
[image: image5.wmf]z

are the horizontal and vertical coordinates, respectively; 
[image: image6.wmf]t

is the temporal variable; 
[image: image7.wmf]u

and
[image: image8.wmf]w

are the horizontal and the vertical components of instantaneous velocity of flow in the and under waves and currents;
[image: image9.wmf]P

,
[image: image10.wmf]r

and
[image: image11.wmf]g

denote the pressure, the water density and the gravitational acceleration, respectively. 

The instantaneous velocity is expressed with the sum of a steady mean velocity, a periodic component and a random velocity fluctuation component as:
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The steady, periodic and the random components are defined respectively as 
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Where
[image: image14.wmf]t

is the temporal variable and
[image: image15.wmf]T

is the wave period.
[image: image16.wmf]Y

represents the variable quantity
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uwP

. The following relationships would be used in the derivation of the currents and waves, which are 
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Substituting Eq. (4) into Eq. (1) ~ Eq. (3) and by utilizing the time averaging with wave period time scale which is much larger than that of fluctuation characteristics. For the shallow water area, many scholars put forward
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. Meanwhile, the change of the time averaged values of wave component and fluctuating component with wave period time scale in the horizontal direction would be far smaller than that in the vertical direction. Integrating both ends of the simplified Eq. (3) on the vertical coordinate
[image: image20.wmf]z

. Eq. (1) ~ Eq. (3) could be simplified as:
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Where 
[image: image22.wmf]cw

h

is the time-averaged equivalent wave-induced and tide-induced additional surface water level.
Based on the physical meaning of the hydrodynamics, the right-hand side of Eq. (7) is the time-averaged equivalent water surface slope, which is the driving force of the water flows produced by the combined movement of the unsteady acceleration term, the wave action term and the Reynolds shear stress term of the left-hand side. The seventh term could be represented by the Boussinesq assumption, and the momentum transfer coefficient under the combined action of wave and current could be shown as 
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. According to the hydraulic formula of water surface gradient, the time-averaged water surface gradient term at the right-hand side of Eq. (7) could be expressed as:
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Where 
[image: image25.wmf]h

is the water depth and 
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is the friction velocity under the combined action of wave and current. Substituting Eq. (8) into Eq. (7) and ignoring the minor terms, yielding
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Eq. (9) could be the governing equation for velocity profile under the combined action of wave and current when the tidal flow and the river flow would belong to the steady state. Eq. (9) would be inapplicable for involving the tidal current acceleration or some hydrodynamic items changed with the wave period.
The Airy wave theory would be applied to confirming the mathematical expressions about these wave components in Eq. (9). The wave orbital velocity of horizontal and vertical direction could be written as 
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. 
[image: image30.wmf]s

is the wave angular frequency, 
[image: image31.wmf]H

is the wave height,
[image: image32.wmf]k

is the wave number.
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Where 
[image: image34.wmf]/
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would indicate the decay rate of the wave height along the wave direction, which might be related with the wave energy dissipation, the wave shoaling, wave breaking and so on. The value of
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in the engineering calculation could be determined with wave mathematical model or the filed data. Adopting the research achievement about
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proposed by Rivero and Arcilla [13], Suppose the influence of topography on waves was not obvious and waves failed to meet breaking conditions, the wave propagation could be regarded as the irrotational motion. The mathematical relationship of
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could be written as:
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Where 
[image: image39.wmf]b
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is the location of the reference point and
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would be equal to zero at the water bottom for non-oscillation, substituting Eq. (10) and Eq. (11) into Eq. (9) and making integral along the vertical coordinate from the water bottom, the governing equation could be deduced as:
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In which,
[image: image44.wmf]a

const

is the Integral constant of Eq. (12a). Eq. (12a) could be applicable to the flow velocity in the whole water depth, and would be rewritten at the water surface as：
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For the steady flow or the time-averaged situation, the velocity vertical gradient would be zero at the water surface. Namely, 
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. Substituting Eq. (12a) into Eq. (12b) and arranging with the mathematical expression, the governing equation could be shown as:
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Eq. (13) could be regarded as the expression of the horizontal component of Reynolds shear stress for the combined action of wave and current. From the formula structure of Eq. (13), the right end would be divided to two type of driving factors. The terms including
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could be defined as the upper turbulence induced from the water surface boundary layer, and the terms including
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could be defined as the lower turbulence induced from the water bottom boundary layer. 
2.2 Wave-induced multi-source oscillatory energy propagation mode 
The water particles under the wave surface take quasi-closed movement around the inherent position in the process of wave propagation. Except the water particles at the free surface oscillating at the air-water interface and contacting with two types of dielectrics, others perform oscillatory movement in the water body. The oscillation of water particles forms the additional mixing effect of turbulent diffusion under current and wave. According to the definition of the turbulent shear stress about fluctuation velocity flux, the oscillation frequency and amplitude of water particles affects the Reynolds- averaged intensity of fluctuation velocity. Gravity wave belongs to interfacial waves between air and water, and the water surface oscillates up and down with energy transmission along the wave direction. Analogously, the horizontal oscillation of the water particles gives rise to the energy vertical propagation, and it will affect the turbulent vertical structure under current and wave. The vertical oscillation causes the influence for the horizontal distribution of flow turbulence. This type of energy is defined as water particle oscillation energy, which is the essential cause for the fundamental difference of turbulent structure between wave-current and pure current. In terms of velocity profile, the horizontal oscillation effects of the water particle are the major theme compared with the vertical ones.

Van Hoften and Karaki [14] conducted theoretical analysis and experimental research on the interaction of waves and turbulent currents. They thought that when waves and currents interact, part of the momentum in the waves propagated downward and was reduced by the viscosity and the shear stress at the bottom, causing the change of the flow structure. When the wave is not broken, the oscillation of the water particle is similar to that of the surface wave, which will produce momentum propagation and energy dissipation in the horizontal and vertical directions. The most significant effect belongs to the vertical filtering effect of the oscillating energy generated by the horizontal oscillation of the water particle during its propagation in the direction of gravity. It means that the upper flow with a larger oscillation amplitude of the water particle passes through the lower flow with a smaller oscillation amplitude, and can be affected by the lower layer. Due to the restriction of the horizontal movement trajectory of the water particle, only part of the oscillation energy suitable for the oscillation trajectory of the lower water particle can pass. The oscillation energy propagating in the vertical direction is affected by the filtering effect and friction dissipation effect of the oscillation amplitude of different water particles at different water depths. The oscillation energy from the upper water body will experience several filtrations in the process of reaching the lower water body, and the impact of the generated oscillation energy on the lower water body decreases with the increase of the vertical spacing. The oscillation energy formed by the oscillation of water particles at different water depths has been dissipated to the assumed position of the lower flow, and the oscillation energy of water particles at different water depths in the upper part propagating to the assumed position. This effect can be regarded as the superposition of multi-source oscillation energy, thus the sum of the oscillation energy. Based on the analysis above, the wave-induced multi-source oscillation energy propagation mode is established(Figure 1 and Figure 2).
The water particles under the wave surface are divided into several oscillation layers with same thickness along the water depth, and the thickness of each layer is
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. The number of layers is
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, and the oscillation level is supposed in the adjacent layers. The flow turbulent structure under current and wave is the result of the combined effect of oscillatory energy propagation and dissipation from upper and lower. One part is the oscillatory energy propagating to the assumed position from the upper water layers induced by the wave oscillation, and another portion is the turbulence kinetic energy caused by the bottom friction shear from the bottom boundary layer. Since the aim of this paper focuses mainly on the Reynolds-averaged velocity profile, the instantaneous changes of the flow turbulent structure will not be considered. The wave actions can be dealt with a modifying factor which reflects the effect of waves on the turbulent structure of the current profile. 
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Figure 1 Moving orbits of water particles induced by wave and division of oscillatory layer and level
Figure 2 Wave-induced multi-source oscillatory energy propagation mode
Similar to the Airy wave theory, it can be recognized that the water particles oscillation energy has direct association with the oscillation amplitude as the role of wave height for the surface wave energy. Oscillatory energy, analogously, can be determined by the orbital excursions of water particles movements with the following form
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Where
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and
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are undetermined coefficients. The oscillating motion of water particles is simultaneously affected by gravity. The oscillatory energy generated by the water particles in the process of propagation and dissipation down to the lower water layers is equivalent to the gravitational potential energy of the water particle characteristic mass. Namely, the conversion relationship can be given as:
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Where 
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m

is the characteristic mass,
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is an undetermined coefficient.
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belongs to the equivalent infinitesimal about a slight fluctuation of a certain water depth position. The propagation velocity of water particle oscillation yields 
[image: image61.wmf](

)

0.5

oscC

cAz

=

.

Analogous to the expression of the ratio of wave group velocity and wave celerity
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 for the water wave, 
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for water particle oscillations is rewritten under the condition of arbitrarily large size of water area
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The oscillation energy flux induced by water particle oscillation can be regarded as a modifying factor, which is deemed to an additional driving force of turbulent diffusion compared with pure current. The oscillation energy flux in the j-th layer can be calculated as:
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The propagation of energy due to water particle oscillation at different water depth can be interpreted as the superposition of multi-source oscillations. The energy of oscillation at assumed level N is the integration result from level 1 to level N, thus N-1 layers. Suppose the dissipation rate
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between each level is held constant, the oscillation energy generated from level j+1 and propagated to level N, while the remaining oscillation effective energy is written as:
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The total oscillation energy reaching the N-th level is obtained by
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When the thickness of oscillation layers
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approaches zero, Eq. (19) can be written as 
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2.3 Eddy viscosities coefficient 
Based on the Prandtl mixing length theory, the magnitude of the momentum transfer coefficient under current and wave is expressed as
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Where
[image: image74.wmf]-

flowwave

l

represents the mixing length in combined wave and current flow. Suppose the velocity profile under pure current obey the lognormal distribution, the mixing length at the assumed location can be expressed as the modifying format of the conventional mixing length of pure current with the impact factor of wave oscillation.
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Where 
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is the modifying function of the mixing length in pure current, 
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is the impact factor of wave oscillation. Based on the established wave-induced multi-source oscillatory energy propagation mode, the oscillation energy
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of the N-th level, including the self-generated energy from the N-th water particle oscillation and the generated-propagated energy from the first level to the (N-1)-th level, affects the turbulent structure of the flow. The impact factor of wave oscillation in neighboring layers affecting on the mixing length can be written as 
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The impact factor of the N-th level yields
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The convergence of infinite series in Eq. (24) leads to
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Where 
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. The momentum transfer coefficient in combined wave and current flow can be expressed as:
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2.4 Vertical distribution of velocity for wave and current 
The flow turbulence in steady current without wave dynamics mainly comes from the vertical transfer of eddies, which are burst from the bottom boundary layer with bed friction. According to the formula structure of governing equation Eq. (13), the momentum transfer coefficient, derived from the Prandtl mixing length theory, seems to be positive generally for ignoring the sidewall effect and the influence of air drag force. 

Suppose that the effect of air surface friction and the lateral boundary can be neglected compared to the wave fluctuation effect from water surface and the shear effect from the bottom boundary layer, the sign of the momentum transfer coefficient will follow that of the velocity gradient. Substituting Eq. (26) into Eq. (13) and simplifying the expression, the velocity gradient profile can be expressed as:
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The expressions of the mixing length mostly used are the extension or improvement based on Rouse method. Here 
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[image: image86.wmf]22

=4sinh()4sinh(2)

HhkhkgHhkhHx

s

éù

P-¶¶

ëû

. considering the BC., Eq. (27) can be given 

	
[image: image87.wmf]2

*

0.50.5

[ln(exp()exp())]

abdbd

kd

--

-

-P

=--

cw

oscoscbcwoscbcw

bcw

u

z

uzz


	(28)


Eq. (28) is composed of the Logarithmic function and the Rayleigh distribution function, and the second term of the right end of the equation could be deemed to the definite integral of a certain function with variable
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and the velocity profile under wave and current could be expressed as:
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3 CASES OF APPLICATIon

The deduced formula of the velocity profile under combined wave and current is verified and compared with the laboratory flume experimental data gained by Klopman [5] and Umeyama [6]. Besides, to explore the applicability in the velocity profile of wave and current flow through vegetation, the data of the laboratory flume with mimic canopy is adopted conducted by Li [16]and Hu [17]. The experimental groups of Klopman and Umeyama included the condition of the wave propagating following the current and opposing the current, and the tests of wave -current -vegetation interaction were set as the condition that wave propagating following the current with submerge stiff wooden or rubber rods.
3.1 Mean velocity profiles in combined wave-current flows
In Eq. (29) 
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 is the friction velocity in combined wave and current flows. For the rough bed without vegetation, the bed shear stress can be estimated with the Grant-Madsen wave-current boundary layer mode, and the friction velocity can be obtained by the relation 
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. The wave friction coefficient can be simulated by the formula of Nielson[2], and the current drag coefficient can be simulated with the method of Soulsby[4]. The drag coefficient considering the influence of wave can be iteratively calculated, and the convergence value of the roughness height and the drag coefficient contain the wave effect. 
The laboratory test characteristics and calculated parameters of Klopman’s experiments are listed in Table 1. The bottom bed in experiments was roughened using coarse sand with a grain size of 2mm. The comparison between the measured velocity profiles and calculated values is depicted in Figure 3. It can be seen that the calculated values are in good agreement with the measured profiles, and vertical distribution features are objectively illustrated in both currents following and opposing wave cases. The results show that compared with the logarithmic law, the velocities near the water surface are reduced by the presence of waves when waves propagate with the currents, whereas an increase of the near water surface velocities occurs when waves propagate opposite the currents. The variations are caused by the different direction of wave-induced shear stress and tide-induced shear stress. The shear stress would be enhanced (weakened) in the case of current with following (opposing) waves. 
The test WCF1and WCA1 of Umeyama are used to illustrate the velocity profile. The test conditions are shown in Table 1. Figure 3 indicates the comparison between the calculated velocity profile and measured data by Umeyama in waves following and opposing current conditions, and the simulations coincides with the observation well. As shown in the Fig. 3, the velocity in the upper part of the water column tends to decrease in the wave-current following cases, and an enhancement occurs in the opposing cases. In general, this reduction or enhancement is more pronounced as the wave height and wave period increase.
Table 1. Laboratory test characteristics and calculated parameters.
	Test
	Type
	H (cm)
	h(cm)
	T(s)
	uc(m/s)
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	0.7500
	0.12
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	0.12
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	1.44
	0.16
	0.0029
	0.5500
	0.12

	Umeyama-WCF1
	following
	0.0175
	0.20
	0.90
	0.12
	-0.0010
	0.0070
	0.01

	Umeyama-WCA1
	opposing
	0.018
	0.20
	0.90
	0.12
	0.0009
	0.0063
	0.01
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Figure 3. Verification with the measured data gained by Klopman in the condition of current following (test #CMP) and opposing waves (test #CMN).
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Figure 4. Verification with the measured data gained by Umeyama in the condition of current following (test WCF1) and opposing waves (test WCA1).
3.2 Wave-current interaction through vegetation 
Waves and currents propagating though vegetation lose energy due to dissipation produced by vegetation on the flow. The energy dissipation coefficient should be used when calculating the velocity profile with the formula of Jonsson 
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. The parameters can be obtained with the method of Losada[18] which include the drag coefficient for combined waves and current conditions and the deflected plant length is considered. 
The experiment of wave-current-vegetation interaction of Li and Hu are used to examine the structure of the velocity profile proposed in this study. Vegetation in the experiment of Li was simulated by semirigid rubber rods fixing on a PVC plate. The vegetation domain was of length 2m and height 0.15m. Experiments with plant mimics were conducted by Hu, and the mimic canopies were constructed by putting stiff wooden rods with length 6m and height 0.36m in holes drilled in the false bottom of the flume. The laboratory test characteristics and calculated parameters of two experiments are listed in Table 1. 
The comparison between the calculated results of our formula and the measured data is presented in Figure 4 and Figure 5. It can be seen that the calculating results of the velocity profile formula are basically identical with the measurement, indicating that the formula could be appropriate to characterize the flow velocity distribution in the rigid submerged vegetation zone under combined wave and current flows. The vertical distributions under the canopy are affected greatly by vegetation which deflect the velocity profile without plant stems. The presence of the canopy can significantly reduce the mean flow velocity and result in a uniform profile in the height of the plant stems, and a distinctive shear layer exists near the canopy top in pure current and current with following wave. A lower mean flow velocity magnitude can be found in the current-wave case compared to that of a pure current case. The effect of vegetation includes a damping of wave height and a change of resistance force. The velocity profiles are significantly influenced by the interaction of waves and currents in the presence of vegetation, which depend on the nonlinear nature of the resistance force induced by the vegetation and the relative magnitudes of waves and currents.
Table 2. Laboratory test characteristics and calculated parameters for wave-current-vegetation interaction
	Test
	Type
	H (m)
	h(m)
	T(s)
	uc(m/s)
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	0.0163

	Hu- current and wave VD3
	following
	0.10
	0.50
	1.60
	0.15
	-0.0130
	1.10
	0.0250
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Figure 4. Verification with the measured data gained by Li.
Figure 5. Verification with the measured data gained by Hu in the condition of pure current and wave and current.

4 Conclusion
(1) According to the general theory of dielectric wave, the wave-induced multi-source oscillatory energy propagation mode is established, which explains in essence the influence of water particle oscillatory under wave-surface on the vertical turbulent structure. The formula for the velocity profile under the influence of wave-current interaction is derived with the momentum transfer coefficient based on the wave-induced multi-source oscillatory energy propagation mode. The calculated values represent a good consistency with the laboratory- observed data.
(2) Under the combined action of waves and currents, the turbulent shear stress, namely the Reynolds stress is affected by the additional shear stress induced by the waves. When the wave propagates in the direction of current, the additional shear stress is in opposite direction of Reynolds stress resulting a reduction of the flow velocity near the surface. While the velocity gradient near the surface tends to increase when the wave propagates with opposing current.

(3) The calculating results of the velocity profile formula are basically identical with the measurement, indicating that the formula could be appropriate to characterize the flow velocity distribution in the rigid submerged vegetation zone under combined wave and current flows. The vertical distributions under the canopy are affected greatly by vegetation which deflect the velocity profile without plant stems. The presence of the canopy can significantly reduce the mean flow velocity and result in a uniform profile in the height of the plant stems, and a distinctive shear layer exists near the canopy top in pure current and current with following wave. A lower mean flow velocity magnitude can be found in the current-wave case compared to that of a pure current case. The effect of vegetation includes a damping of wave height and a change of resistance force. The velocity profiles are significantly influenced by the interaction of waves and currents in the presence of vegetation, which depend on the nonlinear nature of the resistance force induced by the vegetation and the relative magnitudes of waves and currents.
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